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Abstract 

In this paper, we are concerned with the Cauchy problem for one-dimensional 

compressible isentropic Navier-Stokes equations with density-dependent viscosity 

/i(p) = p"(a > 0) and pressure P{p) = p^ {^ > 1). We will establish the global 

existence and asymptotic behavior of weak solutions for any a > and 7 > 1 under 

<^ \ the assumption that the density function keeps a constant state at far fields. This 

\0 • enlarges the ranges of a and 7 and improves the previous results presented by Jiu 

S . and Xin. As a result, in the case that < a < ^, we obtain the large time behavior 

Tjj- \ of the strong solution obtained by Mellet and Vasseur when the solution has a lower 

^ ■ bound fno vacuum). 

O 

CN ■ 1. Introduction 



% 



Consider the one-dimensional compressible Navier-Stokes equations with density- 
dependent viscosity coefficients 

{ pt + {pu).^ = 0, , . 

\ {pu)t + {pu" + P{p))^ = ipip)u,).. ^'■'' 

Here, p{x,t) and u{x,t) stand for the fluid density and velocity respectively. For 
simplicity, the pressure term P{p) and the viscosity coefficient p{p) are assumed to 
be 

P(p)=pM7>1), Mp) = p"- (1-2) 

The initial data is imposed as 

{p,pu)\t=o = ipo,mo). (1.3) 

When the viscosity p(p) is a positive constant, there has been a lot of inves- 
tigations on the compressible Navier-Stokes equations, for smooth initial data or 
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discontinuous initial data, one-dimensional or multidimensional problems (see 
ED [m EHl ESI El [211 E], and the references therein). However, the studies in Hoff & 
Serre [11], Xin [35], Liu, Xin & Yang p5] show that the compressible Navier-Stokes 
equations with constant viscosity coefficients behave singularly in the presence of 
vacuum. In [25], Liu, Xin and Yang introduced the modified compressible Navier- 
Stokes equations with density-dependent viscosity coefficients for isentropic fluids. 
Actually, in deriving the compressible Navier-Stokes equations from the Boltzmann 
equations by the Chapman- Enskog expansions, the viscosity depends on the temper- 
ature, and correspondingly depends on the density for isentropic cases. Meanwhile, 
an one- dimensional viscous Saint- Venant system for shallow water, which was de- 
rived rigorously by Gerbeau-Perthame [0], is expressed exactly as fll.ip with fi{p) = p 
and 7 = 2. 

When the viscosity fi{p) depends on the density, there are a large number of 
literatures on mathematical studies on fll.ip . One-dimensional case is referred to 
[25l[T6l[30l[I7l|39l[38ll33l[23l[l8l|7] and references therein. In [H] Jiu and Xin 
studied the global existence and large time behavior of weak solutions of the Cauchy 
problem to fll.ip with p{p) = p" {a> 1/2) under some restrictions of a and 7. The 
vacuum or non- vacuum constant states at far fields are permitted in [T8|. Recently, 
based on [TB|, Guo etc [51| studied the global existence and large time behavior of 
weak solutions of the Cauchy problem to fll.ip under the assumptions of < a < ^ 
and po G L^{R). If the far fields hold different ends, the asymptotic stability of 
rarefaction waves for the compressible isentropic Navier-Stokes equations fll.ip with 
p{p) = p°'{a > \) was studied by Jiu, Wang and Xin in [19] in which the rarefaction 
wave itself has no vacuum, and in [20] in which the rarefaction wave connects with 



the vacuum. In [28], Mellet and Vasseur showed that if < a < | and the initial 
datum are regular with a positive lower bound (no vacuum), there exists a global 
and unique strong solution of the Cauchy problem to fll.ip . However, the a priori 
estimates obtained in [28] depends on the time interval and hence does not yield the 
time-asymptotic behavior of the solutions. 

In this paper, we will study the global existence and asymptotic behavior of weak 
solutions for any a > and 7 > 1 under the assumption that the density function 
keeps a constant state at far fields. We will apply the similar approaches as in [19] to 
obtain an uniform (in time) entropy estimate (see Section 3). This type of entropy 
estimate was observed ffist in [21] for the one-dimensional case and later established 
in [U [2], H] for mult i- dimensional cases. The key points in our proof are to obtain the 
uniform upper bound of the density and to obtain the lower bound of the density 
of the approximate solutions by using the uniform entropy estimate. To do that, 
different ranges of a and 7 will be discussed respectively and the elaborate estimates 
will be given. Our results relax the restrictions of a and 7 presented in [IB] . In the 
case that < a < |, we obtain the large time asymptotic behavior of the strong 
solution obtained by Mellet and Vasseur when the solution has a lower bound (no 
vacuum). Moreover, in the case that a > |, the vacuum is permitted and we study 
the existence and large time behavior in the framework of weak solutions. 
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The organization of the paper is as follows. In Section 2, we state some prelimi- 
naries and main results. In Section 3, we give proofs of uniform entropy estimates. 
Based on these, lower and upper bounds of the density to the approximate solutions 
will be shown. In Section 4, we give a sketch of proof of main results. 

2. Preliminaries and Main results 

We first give the assumptions of the initial data and the definition of weak solu- 
tions. 

Define the pressure potential \l/(p, p) as 

*(P, P) = /' ^^^^-^^ds = j:^^p[p' - p" - 7p-^-'(P - P)]. (2.1) 

We assume that there exists a constant p > such that 

Po*(Po,p) eLi(i?) ifp>0, and po e L\R) if p = 0. (2.2) 

Moreover, we assume that the initial data satisfy 

' Po(x) > if < a < i, po(x) > if a > |; 

(po""^/^)x G L\R) if a > and a 7^ i. 



(logpo). GL2(i?) if a- 1- 



(2.3) 



2' 

where < (5 < 1 is any fixed number which may be small. 



^6LHi?), ^CGLi(i?), 



Remark 2.1. By assumptions f l2.2p - fl2.3p . the initial data po{x) is actually continu- 
ous and bounded. And in the case that < a < 1/2, the restriction po{x) > 0, x G -R 
can be derived from other conditions of f l2.2p -f l2l3|) . However, in this case, the initial 
density still can appear vacuum at infinity, i.e., lim|j.|_!.ooPo(2;) = 0. 

The weak solutions to fll.ip — (11. 3p with the far fields p > are defined as: 

Definition 2.1. For any T > 0, a pair {p,u) is said to be a weak solution to 

dUD - dH ^/ 

(1) p > a.e., and 

p-pGL-(0,T;L-(i?)), (2.4) 

pvl/(p,p) e L\R),^u e L^{0,T;L\R)), 
(p°-^). GL°°(0,T;L2(i?)) if < a ^ ^, 

ilogp),eL^{0,T;L\R)) if a = ^; (2.5) 

(2) For any ^2 > ti > and C, & C^{Rx [ti,t2]), the mass equation (ll.ip i holds in 
the following sense. 
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/ pCdx\\\ =11 {p(t + puQdxdt; (2.6) 

Jr Jti J R 

(3) For any if) G C^{R x [0,T)), the momentum equation holds in the following 
sense. 

mo^(0, ■)dx + / / [^/p{^/pu)^pt + {{y/puf + p'^)ip^]dxdt+ < p°'u^, ip^ >= 0; 
'R Jti Jr 

(2.7) 

where the diffusion term make sense in the following equalities: 
when < a 7^ |, 



< p'^u^,i)^>= - I I p°' 2 ^/pw|J^dxdt - ^^ — - I I (p° ■^)^^/pui)dxdt, 

{21 



JR 2q; — 1 jg j^ 



when Oi = \, 



i-T r T pT 



< P^u^,iIj^>= - / / ^/pwlJxdxdt - - / / {\og p)^^/pw^|Jdxdt. (2.9) 

Jo J R ^ Jo Jr 

Before we state our main results, we review the existence results obtained in [18] 
as follows. 

Proposition 2.1. (^, p = 0) Let 'j > 1 and a > i. Suppose that ([22D and (1^ 
hold. If p = 0, then the Cauchy problem (II. ip — (II. 3p admits a global weak solution 
{p{x,t),u{x,t)) satisfying 

peC{Rx{0,T)). (2.10) 

Moreover, one has 



sup / pdx + max p<C, (2-11) 

t&[0,T]jR (x,i)eiJx[0,T] 

sup f {\^pu\^ + [p-h)l + ^p^dx+ f [[{p'^r^Wdxdt<C,{2.12) 
telo,T]jR 7-i Jo Jr 

where C is an absolute constant. 

Proposition 2.2. (|18j.p > 0^ Let a and 7 satisfy 

13 3 

7>1, -<a<- or 7>2a-l,a>-. (2.13) 

Suppose that (12. 2 p and (12. 3 p hold. If p > 0, then the Cauchy problem (II. ip — (ll.3p 
admits a global weak solution {p{x,t),u{x,t)) satisfying 

peC{Rx{0,T)). (2.14) 
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sup / |p — pl'^dx + max p < C, (2.15) 

telCTjij? (x,t)ei?x[o,T] 

sup j{\^pu\^ + {p--h)l + ^{p'^-{py-^{py-\p-p)))dx (2.16) 
te[o,r] JR 7 - i 

+ / l[{p'^^).fdxdt<C, (2.17) 

Jo J/? 

where C is an absolute constant. 

Remark 2.2. It should he noted that in Proposition \2.2[ the restrictions of 'y and 
a (I2.13P are different from ones presented in Theorem 2.2 in [T8]. This is due 
to that in [18j, instead of p — p G L°° {0, oo; L^{R)), one should use the fact that 
p — p E L°°(0, oo; L^{R)) which follows from the estimate of (I2.16p . 

Our main results are as follows. 

Theorem 2.1. Let 'y > 1, < a < ^ and assume that ( K2\\ - (jSJD hold. Then 
for any T > 0, the Cauchy problem (11.11) — (II. 3p admits a global weak solution 
{p{x,t),u{x,t)) in R X (0,T) satisfying 

(V 

p G C{R X (0, T)), p(x, t) > 0, (x, t) eRx (0, T); (2.18) 



(2) 



sup / \p — p\'^dx+ max p<C, if p > 0, (2.19) 

e\0,T]jR ix,t)&Rx[0,T] 



sup / pdx + max P < C, if p = 0; (2.20) 

te[0,T]jR (^•,t)6i?x[0,T] 

(3) When < a < ^, one has 

sup / (lypnp + ip-~'/\' + ^(p^ - (py - l{pV-\p - p)))dx 
ie[o,T] jR 7 - i 

(2.21) 

+ / I {\{p'^^).f + Kx,tf)dxdt<C, 
Jo Jr 

where C is an absolute constant which only depends on the initial data, and A(x, t) G 
LF'{R X (0,T)) is a function which satisfies 

/ / Aipdxdt = — / p"''^^'^ y/puipxdxdt / / p""^^"^ J])uiljdxdt; 

Jo Jr Jo Jr 2a - 1 Jq J ^ 
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(4) When o. = \, one has 

sup / (Iv/ptZp + (logp).^ + ^(p^ - {PV - j{py-\p - p)))dx 

"''?;', . '~ (2.22) 

12 , A^^ +^2^ 



+ / / ([(P^^) J + A(a;, t)')rfxrft < C, 

where C is an absolute constant which just depends on the initial data, and A{x,t) G 
L^{R X (0,T)) is a function which satisfies 

/ / Aipdxdt = — / / ^uil)xdxdt / / {log p)x^/puil)dxdt. 

Jo J R Jo J R 2 Jq J h 

Theorem 2.2. Let a and 7 satisfy 

a > ^, 7 > 1. (2.23) 

Suppose that (12.21) — (12.31) hold. If p > 0, then for any T > 0, the Cauchy problem 
(II. ip — (II. 3p admits a global weak solution {p{x,t),u{x,t)) in R x (0,T) satisfying 

(1) 

p e C{R X (0, T)), p(x, t) > 0, {x, t) eRx (0, T); (2.24) 

sup / \p — pfdx+ max p<C] (2.25) 

te[o,T]jR (x,i)eiJx[o,T] 



t£lO~T]jR" ■ 7 



sup / (I V^^np + (p"-^/^).' + ^(P^ - (p)^ - 7(P)"-'(P - P)))dx 



+ / [ i[{p''^^)x? + Hx,tf)dxdt<C, 

Jo J R 



(2.26) 



where C is an absolute constant which only depends on the initial data, and A(x, t) G 
L'^{R X (0,T)) is a function which satisfies 

I Atpdxdt = - / p'^'^l^y/puipxdxdt ^ / / p'^'^^'^y/puipdxdt. 

Jr Jo Jr 2a — 1 Jq Jp> 

Remark 2.3. Under assumptions of Theorem \2.2i the case p = has been dealt 
with in Proposition \2. 1\ 

The following is about the large time behavior of a weak solution. 

Theorem 2.3. Suppose that {p{x,t),u{x,t)) is a weak solution of the Cauchy prob- 
lem (dH]) - ([O]) satisfying f l2T8|) - 1^^ or l^:2^ - (E^S]). Then 

lim sup |p — p| = 0. (2.27) 
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Remark 2.4. In [28j, Mellet and Vasseur proved that if the initial data is away from 
the vacuum (has a positive lower bound) and < a < ^, the Cauchy problem f ll.ip - 
(11. 3p has a unique global strong solution which is defined on [0, T] for any T > 0. In 
comparison with [28j, our results hold uniform estimates on T and in the case that 
p = the vacuum at the infinity is permitted. Moreover, by Theorem \2.3[ the large 
time behavior of the solutions of the strong solution can be obtained. 



Based on Theorem I2.3[ it is easy to obtain 

Theorem 2.4. Suppose that the assumptions of Theorem \2. 2\ hold. Let (p(x, t), u{x, t)) 
be a weak solution of the Cauchy problem (11. ip — fll.3p satisfying fl2.24p — fl2.26p . Then 
for any < pi < p, there exists a time Tq such that 

0< pi<p{x,t) <C, {x,t) e Rx[To,+oo), (2.28) 

where C is a constant same as in Ii2.25\) . Moreover, for t > Tq, the weak solution 
becomes a unique strong solution to (II. ip — (II. Sp . satisfying 

p-pe L°-{To, t; H\R)), p, G L^{To, t; L\R)), 
u e L\To,t;H\R)), Ut G L\To,t; L\R)) 



and 



sup Ip - p| + Up - p\\lp{r) + MmR) -^ o, (2.29) 



as t ^ +00, where 2 < p < -|-cxd. 

Remark 2.5. Theorem \2.4\ shows that if p > 0, the vacuum will vanish in finite 



time and the weak solution will become the strong one after that. Similar to 

we can obtain some results on the blow-up phenomena of the solutions when the 

vacuum states vanish, which can be referred to [HI |23] for more details. 



3. A Priori Estimates 

In this section, we will construct approximate solutions and obtain a priori esti- 
mates of the approximate solutions to the Cauchy problem (ll.ip - (ll.3p . Two cases 
will be considered respectively: < a < | and a > |. 

Case /. < a < |. 

For any given M > 0, we construct the smooth approximation solution of (II. ip — 
(II. 3p on the cutoff domain fi^^ = {x^R\— M<x< M}. Consider the initial 
condition 

(p,Pm)(x,0) = (poe,mo,), (3.1) 

and the boundary condition 

u{x,t)\^=±M = 0, (3.2) 
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where the initial data poe, "^oe are smooth functions satisfying 

(Por')x ^ {pTh^ in L\^^') if < a < i, 
< (logpo.)x^(logpo).mL2(fi^O if« = i (3-3) 

(moj^(poe)""^ -> (mo)^(po)"S and 

as e — )■ 0. Here 5 > 0, and there exists a constant Co which does not depend on e 
such that 

Po. > Coe^/^^--^^^ (3.4) 

We note that the initial data can be regularized in an usual way(see [19] for 
instance). 

The following estimate is a key one to prove the main theorem which is based on 
the energy and entropy estimates. 

Lemma 3.1. Let 

7 > 1, < a < 1/2. (3.5) 

Assume that (p^, u^) is the smooth solution of fll.lj) with p^ > 0. Then for any T > 0, 
the following estimate holds: 

a-l/2 



/ 

sup / {p,|m,P + [( ' )j^ + p,^(p„p)}(x,t)rfx 

t£[0,T]jR a - i/Z 



ie[0,T] JR 

\2 , W^'^^i-" ;.^^±3^N 12 



T 



(3.6) 



+ / {PnuX + iiPe^ -p^),Y}ix,t)dxdt<C, 

JR 



where C is an universal constant independent of e and T. 
Proof. It follows from fll.ip o that 

PeUet + PeUeUex + (pJ)x = {pe°'u^^)^. (3.7) 

Multiply ([32D by m, to get 

{^^)t + (^). + P."(«e.)' + (i^(Pe)).«. - (P."«,«,.). = (3.8) 

In view of (12. 2p . we have 

{p,^{p,, -p))t + (PeWe^(p., P)). + W,,(P(P.) - P(P)) = 0. (3.9) 

It follows from ^^ and ^M) that 



,Pe|M, 



|2 



+ p,^(p„ p))i + ifi,. + p,"(n,,)^ = 0, (3.10) 



3 



where H^ = l^ + p,u,^{p„p) + u,{P{p,) - P{p)) - Pe^'u.u,^. 
Since 

Pe"~^ Pe"""^ 
{pf'Uex)x = -Pe{— -)xt - PeUei— -)xx, (3.11) 

a — 1 a — 1 
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(13. 7p can be rewritten as 

PeUet + PeUeUex + {Pe"')x = -Pe{— T)xt " PeUe{— t)xx- (3.12) 

a — 1 a — 1 

Multiplying (I3A2|) by (^^r)^, we have 



^1 jx} 



Pe{<^Yx, , oM'i^Yx, , , ,P."-\ , , , 2, P. 



a-1 



X 



(3.13) 



(3.14) 



t + ( f )x + (Petie( T)x)t + (Pe^E ( t)x) 

Pt°'~^ Pe"~^ Pe"~"^ 

- U,{p,{^—-)^t + P,Ue(^-— ):,■:,.) + (^-— )a- (i^(P.))x = 0. 

a — i a — i a — i 

Multiplying fl3.12p by u^ and adding up to (13.131) . we obtain 

{\p,[u, + {^^)xf]t + {\pMUe + (^)x]'}. + M,(P(p,)), 

/ a — I Z a — I 

+ {^)x{P{p.))x = 0. 

a — 1 
From dSS]) and fIXTD . we get 

{oP.[w. + (^^^) J' + P.^(Pe, P)}t + {t^P.M,[m, + (^^^) J' + p.Me^(Pe, p) 

+ «,(P(p,) - P{p))}x + (^).(P(p.)). = 0. 

a — 1 

(3.15) 
Now we deal with the last term of the left hand side of fl3.15p . Since 

(^). = P.-'p.., (3.16) 

a — \ 

we have 

{^)x{P{p.))x = p-'p.x{P{Pe))x = ^^/j_l^2 l(P^ - P"^Y?- (3-17) 

It follows from fl37[5D and ^JT} that 

dpeK + i^)xr + pMPe,p)}t + H,^ + J^ ,,J (pf^ - P"^U' = 0, 
2 a — 1 (7 + a — 1)^ 

(3.18) 

where 

H2{X, t) = IpM^e + i^^)x? + P.U^^iPe, p) + ^e(P(Pe) - P{p)). (3.19) 

Multiplying fl3.19p by a and then adding up to fl3.1Qp . we have 

{-p^[u, + (^).f + ^Ar- + (« + i)p.^(PoP)}t + [«^2 + H,\, 



+ ^<"""+(TT^I(^<"^-''"^'J-'' 
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Integrating (I3.20p over [0,t] x R with respect to x, t gives 



1 



t&[0,T]jR' ^^~^ ' Jo Jr 



sup I {pelUel"^ + [{— y)x]'^ + Pe'^{pe,p)}dx+ p,°'Ueldxdt 



T 



T 



(3.2i; 



a-\-'^— 1 



<^ + "7— 1 . 



+ / / [(P^ ' -p^^):,fdxdt<C. 
Jo J R 



The proof of the lemma is finished. D 



Based on Lemma [3. ![ we have 

Lemma 3.2. Let < a < 1/2. Assume that {p^,u^) is the smooth solution of U.l\) 
with p^ > 0. Then there exist two absolute constants C,C and a constant C{M) 
depending on M such that 

0<C <pe<C, if p > 0; (3.22) 

< C{M) <Pe<C, if p = 0. (3.23) 

Proof. In the case that p > 0, from Lemma [373| we have p^'^{p^, p) G L°°(0, T; L}{R)) 
and {pe"~^)x G L°^{0,T; L"^ (R))- Applying Lemma 5.3 in [21], we can get 

(p, - p)l{|p,-,|<|| e L\R) and (p, - p)l{|p_,,|>|} G L\R). (3.24) 

Since 

pj _ p7 _ ^p^-\p^ - p) > C(p, - pf if 7 > 2, (3.25) 

thanks to (13.211) . we have 

sup / \p, - p\^dx < C, if 7 > 2, (3.26) 

[0,T] jR 

where C is an universal constant independent of e and T. 

For 5 G (0, p), we have |pe| < p + ^ if |pe — p| < (^, and hence (I3.22p holds true. If 
|pe — p| > 5, we can prove that there exists a constant C = C{6) such that 

\pt-p'\<C\p,-p\\ s>0. (3.27) 

In fact, from the facts 

I p'' — p'' I I P'^ ~ P^ I 

-)■ 1, as pe -)■ oo; "P — ^ -)■ 1, as p^ -)■ 0, 



\pe-pr \pe-pr 

there exist pi,p2 satisfying < pi < p2 < oo such that 

\pt -p"\<2\p,- p\', p, G [0, pi] U [p2, cx)) 
If Pe G [pi, P2], |pe - p| > (5, we have 

\pt-p'\<C\p,-p\% 
where C depends on 6,pi,p2- Thus (I3.27p holds true. 
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It follows from fl3:26|) - (13:271) that, for 7 > 2, 



\pe-p?< j [pe- pfdx+ / \2{p,- p){p,- p)^\dx 
JR JR 

(p, - p^dx + f |2(p, - p)p^l-(Pl^),^\dx 

R JR " - 



< c + c( / (p, - p)^(pe5-" - p-^'dx + / (p. - pYp-'^dxy- 

IR JR 



<C + C(/(p,-p)2(pJ-"-p-t-"fl 

JR 



\Pi-p\>5dx 



'r (3.28) 



i? 



< c + c( / |p, - p|^-2n||,,_,-i>,rfx)^ 

< C + Csup |p, - p|i-"( / (p, - pfdx)'^ 
xeR. Jr 

<C + CsUp|pe-p|^"". 

xeR 
By Young's inequality and the condition < a < |, we get 

|p. -p|^ <C, i.e. \p,\ <C (3.29) 

for 7 > 2. 

Now we consider the case 1 < 7 < 2. It follows from (13.241) and (I3.27P that 



I -|2 ^ / I -I-7J I -|2— ^ 

\Pe — P| < / \Pe — P\ dX sup |Pe — p\ ' 

+ / \pe-p\'^dx+ / |2(pe -p)(pe -p):cMa; 

J{\p^-p\<0 Jr 



< C sup |p, - -p\'-^ + C+ |2(p, - p)p,2-(£:^)^|rfa; 

<C sup \p, - p\^-^ + C + C[ f |p, -pnpJ-"-pt-"|2dx 

iio.-oi>-ei iiio.-oi>^iuii/3.-«i<#i 



{ip.-pi>i} '^{ip.-pi>i}u{|p.-pi<f} 



+ ipe- pvip-'^ydx + (p, - pYip-^Ydx]-^ 

'{\P.-P\>I} J{\Pe-p\<^} 
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<C sup \p, - p\^-^' + C + C[ f \p,-pf'-^'^dx+ f {p,-pfdx\^ 

^6{|p.-p|>|} A|P.-P|>|} >^{|P.-Pl>f} 

<C + C sup \p,-p\'^-^ + C[ sup |p, -p|^-^"-^+ sup |pe-p|2-^]3 

a;e{|pE-p|>f} xe{|p.-p|>f} xe{|p.-p|>f} 

< C + Csup |p, - pp-^ + C[sup |p, - p|5-2a-7 + sup |p^ _ p|2-7]i (3.30) 

xefi a;e/? x<^R 

By Young's inequality and the condition < a < |, we get 

|p. -Pp < C, i.e. |p,| <C (3.31) 

for 1 < 7 < 2. fl3.29p and fl3.3ip yield the uniform upper bound in fl3.22p . 

Now we prove the positive lower bound estimate of p^ in (13.22 p . Noticing that 
limp^_j.oPe^l'(Pe,p) = (p)'*', we can obtain that Pf^^{p^,p) has a positive lower bound 
on [0, |p]. Since p^^^p^.p) is bounded in L'^{L^), there exists Ci = Ci(T) > such 
that for allte [0,T], 

meas{x G R\pe{x,t) < -p} < ^-^ — — / pe'^{pe,p)dx < Ci. 

2 mt^^g[o 1^] Pe^iPe, P) J{xeR\p,<^p} 

(3.32) 
Therefore for each xq G R, there exists A^ = N{T) > big enough such that 

/ pe{x,t)dx > / pedx 

J\x-xo\<N J {\x-xo\<N}r\{x&R\p^>^p} 

1 _ I _ 

> -pmeasdlx — Xq\ < N} D {x E R\p^{x,t) > -p}} 

= -pmeas{{|x — Xq\ < N} fl {x G R\p^{x,t) < -pY} 

2 2 (3.33) 

> lp(2iV - Ci) > 0, tG[0,T]. 

Using the continuity of p^, there exists Xi G [xq — N,xo + N] such that 

Pe{xi,t)= f p,{x,t)dx>\p{2N-Ci). (3.34) 

J\x-xo\<M ^ 

Then it follows from Lemma 13.31 that 

p" '^{xQ,t)=p'l "(xi,t)+ / (p° ")^.(x,t)(ia; 



XI 



<[lp(2iV-Ci)]"-i + ||(pr^).(x,t)|U.(H)|xi-a;o|^ (3.35) 

< [^p(2Ar-Ci)]"-5 + CAr5. 
Since < a < |, for any xq E R and all t G [0, T], we have 

p.(xo,t) > {[^p(2iV-Ci)]"-i + CiV^}^ :=C(T). (3.36) 

Up to now, we have proved (I3.22p . 
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To prove (13.231) . by Lemma [331 we have 

pj < / Pe^dx+ [ |2pJ-VeJrfa; <C+ [ \2p,^~'pJ-"p,"-lp,Jdx 
JR Jr Jr 

<C+ [ |2pJ+5-"(^ll4)^|rfa: <C+{[ p:'^^^-'"'dx)'^ f {p^'^f^x)"^ 
Jr a - 2 JR JR 

j 1 7+1— 2a 7+1— 2a 

<C + C{ pjcix)2suppe 2 <C + Csnppe 2 . 
Jr xgR xeR 

(3.37) 
Applying Young's inequality and the condition < a < |, we obtain p^ < C. 

To get the lower bound of p^ in f l3.23p . we use the Lagrangian coordinates as 
follows: 



/x 
pe{y,t)dy T = t 
-M 



where X G [-M,M], t > 0, and ^ G I^l = (0, L) = (0, /*^p,(y, t)rfy) = (0, /„*[,p,o(y)rfz/). 
In view of the Lagrangian coordinates transformation we get {pt"')^ G L'^{Ql) from 
Lemma [3731 Let v = —. Then we have 

Pc 

v< [ vd^+ [ v'\p,^\d^<2M+lmaxv+\\{pnd}ML) 

Jn, Jn, 2i^n, ^^^^^^ 

<2M + C + -maxw, 

2 li&QL 

which implies pe > C{M) > 0. fl3.23p is proved and the proof of the lemma is 
finished. D 

Case 11. a>\. 

In the case that a > |, we construct the approximate solutions by solving 

Pt + {pu)x = 0, 

{pu)t + (PU^ + P{p))x = {Pe{p)Ux)x, (3.39) 

{pe,m,){x,t = 0) = {p^^.mfj 

with Pe(p) = p" + ep^, e > 0, 6^ G (0, |). The initial values {p'^,m^) are regularized 
in the same way as in (13.30 and (13. 4p . 

For any fixed T > and for any fixed e > 0, there exists a unique smooth 
approximate solution to (I3.39P in the region (x,t) G -R x (0,T).We refer to [28] for 
the wellposedness of the global strong solution to the approximate system (I3.39p . 

Then we have 

Lemma 3.3. Let 

7 > 1, a> 1/2. (3.40) 
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Assume that (p^, uj is the smooth solution of (11.11) with p^ > 0. Then for any T > 0, 
the following estimate holds: 

sup / {p>,|2 + [(-^^)j2 + e2[(^^)j2 + p,^(p„p)}(x,t)rfx 

te[0,T] JR Oi ~ 2 ^ ^ 2 



T 



a+'y — 1 






2 , r/„^ .^iipiN 12 



(3.41) 



9+7-1 



9+7-1 . 



+ [(Pe ' - P^^^) J^}(a;, t)t/xrft < C, 
where C is an universal constant independent of e and T. 

The proof is similar to that of Lemma 13.11 (see also Lemma 3.6 in [18]) and we 
omit the details here. 

Based on this lemma, we have 

Lemma 3.4. Let a, 7 satisfy \'J-40^ and p > 0. Assume that {p^,Uf) is the smooth 
solution of U.l\) with p^ > 0. Then there exist an absolute constant C and a constant 
C{e,T) such that 

0<C(e,r) <p, <a (3.42) 

Remark 3.1. If p = 0, under the assumption (I3.40p . the estimate (I3.42p has been 
proved in |T8j. If p > 0, the estimate (I3.42p has also been proved in y^ under the 
restriction 02.13p . 

Proof of Lemma \3.4\ We first prove the upper bound for p^{x,t). The proof is 
divided into the following cases. 

If i < a < ^, it follows from (^Ml, (1^^ and the entropy estimate (K^ that 



2 

1 



-a-i|2 ^ / /I °-| -a-i|2\ 



pr^-p"-^i^< / {\p:---p^-^\%dx 



-00 
1 1 „, 1 



(3.43) 



< / 2(pr" - p'^-^ip'^" - p"-^).Mx 

< /[(Pr"-P""^)x]'rfa;+ /ipr^-p^-^l^dx 
Jr Jr. 

<C+ /(Pr^-P— ^)^l||,,_,|<||rfx+ /(pr^-p"-^)^l||,,.,|>|}rfa; 

J R J Ft 

<c + h + h. 

Note that when \p^ — p| < |, that is, | < p^ < ^5 o^^ has 

|pr^-p"-^P<|Pe-p|'<Pe^(p.,p). 

Hence, 

/i< [ Pe'^{pe,p)dx<C. (3.44) 

Jr 
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It follows from ( 13:271) that 

h< [ \pe - p|2(°-5)rfx < / C\p, - p\^dx < [ p,^{p,,p)dx < C, 

h\p.--p\H) J{\p.--p\H) JR 

(3.45) 

if I < a < 2±i. In view of ( I3:i3|) - (l3:i5|) . we get 

\pT'^ -|f'^^ <C. (3.46) 

Therefore p^ has upper bound in the case that \ < ol < 2^. 

Ifa>|, 1<7<2q; — 1, the proof is divided into the following subcases. 
When a > |, 7 > 2, it is easy to get that 

pj -p^- ip^-\p. -p)> C{p, - pf if p > 0. (3.47) 

It follows from ((3311) that 



sup / \p, - pYdx <C, if 7 > 2, (3.48) 

[0,T] Jr 

where C is an universal constant independent of e and T. Using (13.271) and (13.481) . 
for 7 > 2, we have 

ipr^-p"-¥< r (ipr^-p-"-^iv^ 



X 



a~ 



J — oo 

1 1 „, 1 -I /■ „, 1 



< / 2(pr ^-p"-t)(pr -^ -jr--2)^\dx<c^ I |pr '^-p^^-^i^dx 

<C + sup|p" ^ - p"^ ^ "hi \p^-p\'^dx 
X&R Jr 

<c + csup ipr^ - p"~5 f~ ^. 



xGR 

By Young's inequality and the condition a > |, we get 

|pr^ -p""5|2 < C, i.e. \p,\ < C. (3.50) 

When I < a < f , 1 < 7 < 2, it follows from JKm . ( Km and ( Km that 

\pe-p 
< 



2 ^ "^ ^ 2' 

|2 



/ Ipe — pl'^dx sup |pe — pP ^+ \Pe~P\^dx 

A|P.-P|>|} {|p.-p|>i} ^{|p=-p|<f} 

+ [ \2{p,~p){p,-p)^\dx (3.51) 



<C + CSUP \p, - p|2-^ + C(SUP |pe - p|5-2"-T + sup \p, - p 
x&R xeR xeR 

+ sup |pe - pp"^)2. 



^|3-2o 
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By Young's inequality and the condition | < a < | and 1 < 7 < 2, we can obtain 

|Pe-p|^ <C, i.e. \p,\ <C. (3.52) 

When a>|,l<7<2, it follows from ^7I^ and (jMZD that 



X ^ 



< / |2(pr ^ - p'^-^ip: ^ - p"-^).irfx <c+ I (pr ^ - p"-^)"dx 



—00 



<c+c{[ {pT^^ - p--^)2i^|^^_,|<|^rfx + / (pr ^ - p— 5)^1 , dx 

JiJ JR 



< C + sup |p," 2 - p" 2 I ^ / (p^ _ P)'l||„ _,|<£|rfx 



1 _„ 1,2 1- / ^ _ 2 

_i _ _i 2 31^ [ 

+ SUp|p,° 2-p" 2| -W |p, -p|^l^|^^_-|>£^rfx 

x&R jR 

< C + CSUP |pe°"^ - p"-5|^"^ + Csup |pe""^ _ p°-||^~^. (3.53) 

By Young's inequality and the condition a > | and 1 < 7 < 2, we get 

Combining (I3.50p . (I3.52p with (I3.54p . we get the uniform upper bound of p^ for any 
a > I and 7 > 1. 

Next, we prove the positive lower bound estimate of p^. 

Noticing that limp^_>.oPe\E'(pe,p) = (p)''', we can obtain that pe\l/(pe,p) has a pos- 
itive lower bound on [0, |p]. Since pe'^{pe,p) is bounded in L^{L^), there exists 
Ci = Ci{T) > such that for all t e [0, T], 

l_ 1 f 

meas{a; G R\p^{x,t) < -p} < ^- — — / p^^{p^,p)dx < Ci. 

2 inf^.6[0,ip] Pe^KPe, P) Axei?|p.<ip} 

(3.55) 
For each xq G -R, there exists N = N{T) > large enough such that 

Pe{x,t)dx > / pedx 

\x-xo\<N J {\x-xo\<N}n{xeR\p^>^p} 

1 _ 1_ 

> -pmeas{{|x — Xo| < A^} fl {s G R\p^{x,t) > -p}} 

= -pmeas{{|x - xo| < N} n {x e R\pe{x,t) < -p}"} 

^ ^ (3.56) 

> -p(2iV - Ci) > 0, tG[0,T]. 

As the continuity of p^, there exists Xi G [a;o — A^, a;o + A^] such that 

Peixi,t) = [ p,(x, t)dx > \p{2N - Ci). (3.57) 

J\x-xo\<M ^ 
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Then we can get from Lemma [3.21 that 



pe '(Xo,t)=Pe '(Xi,t)+ / (p, ^),^{x,t)dx 



XQ 



Xl 



<[ip(2iV-Ci)f-U||(p'"^).(x,t)|U.(H)|xi-xo|^ (3-58) 

<[^p(2iV-Cir-Uaivi 



For a > I and 7 > 1, for any Xq E R and all t G [0, T], we have 



Pe{xo,t) > {[ip(2iV-Cir-5 +C,iVi}^ := C{e,T). (3.59) 



The proof of the lemma is complete. D 



Similarly, when a = |, we can establish the following a priori estimates: 

Lemma 3.5. Let a = 1/2. Assume that {p^,Ue) is smooth solution of ( fi.ij) with 
Pe > 0. Then for any T > 0, the following estimate holds. 



sup / {Pe\uf + [(logp,)^]2 + e^[(^^)x]^ + pe'^{pe,p)}dx + / / pe^U^ldxdt 
ie[0,T] JR ^ ~ 2 Jo JR 

+ r [ [{pP^ - p'-^W + eiip."^ - -p'^u'dxdt < a 

Jo J R 

(3.60) 
Here C is an universal constant independent of t and T. 

Lemma 3.6. Let a = 1/2. Assume that {p^,Uf) is smooth solution of U.l\) with 
Pe > 0. Then there exist an absolute constant C and a positive constant C{e,T) 
such that 

0<C{e,T)<p,<C. (3.61) 



Proof. Similar to the proof of lemma [3^ we first prove the positive uniform upper 
bound of Pe. 
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If p > 0, it follows from f l330|) that 

\Pe-p?< l {Pe- Pfdx+ I \2{p^ - p){pe - p)^\dx 
JR J R 



{Pe-p)^dx+ / |2(p, - p)p,(pe - p)xPe ^\dx 
R JR 

{pe-pfdx+ / |2(p, -p)p,(logpe)x|(ia: 

if. JR 



<C + C{f {p,- pfp^'dxYH f (log p,)ldx)-^ (3.62) 

Jr JR 



<c + c{ (p,- pYip, - pYdx + (pe- py-p'dxy- 

JR JR 

<C + Ci[ip,- -pf{p, - pfdx + Cy 

JR 



R 

< C + -sup|p, -pp. 



By using Young's Inequality, we obtain that 

\pe-p?<C, i.e.p,<p + C. (3.63) 

If p = 0, it follows from IKQ0\\ that 

pj < / Pe^dx+ [ |2pJ-V.Jrfx <C+ [ \2p,^-' p,p-' p,,\dx 

JR JR JR 

<C+ [ \2p,^ (log p,),\dx <C+i[ py^dx)H[ (log p,)iy (3.64) 

JR JR JR 



<C + C( p.^dxpsnppj <C + C(supp,^)5. 
JR xeR xeR 

By using Young's Inequality, we obtain that p^ < C. 

We now prove the positive lower bound estimate of p^. Using (I3.32p - (l3.34p and 
(I3.60p . we obtain 

g_l Q_l f^O g_i 

Pe ^(Xo,t)=Pe ^(Xi,t)+ (pe ^)x(x,t)dx 

J Xl 

<[^p(2N-Cl)]-' + maxp;'\\(pt'''),(x,t)\\L^R)\x^-Xoy (3-65) 

<[^p(2N-C,)]-' + CeN. 

Since < ^ < |, by the construction of the approximate solutions in (I3.39p . we have 

Pe(xo, t) > C{[^p(2iV - or' + CeNy' := C(e, T), (3.66) 

for any xq E R and t G [0, T]. 

The proof of the lemma is finished. D 



One-dimensional Compressible NS Equations 19 

4. Proof of the Main Results 

In this section, we give the proof of the main results. The proof is completely 
similar to those in (TUl [ISl 123] and we give a sketch of proof here. 

Proof of Theorem \2.1\ Based on a priori estimates of Lemma 13.11 -Lemma 13.21 and 
Lemma [X5] -Lemma l3.6t applying similar approaches in PU | I25 | [27] and the references 
therein, we can obtain that for any T > there exists a unique global smooth 
solution of f ll.ip -( lL3l) satisfying 

Pe,Pex,PeUU,,U,^,U,t,U,^^ G C'''2([-M,M] X [0,T]), < /3 < 1, 

and pe > C(e) > in [-M,M] x [0, T] when < a < i. And, the estimates in 
Lemma [3.H -Lemma 13.21 and Lemma [3.5J -Lemma 13.61 hold for {p^,u^}. 

We only give a proof of the case < a < |. The case a = | can be proved in a 
similar way. For any fixed M > 0, similar to [101 [ISl [23], we can obtain that (up to 
a subsequence) 

Pe^p mC([0,T]x [-M,M]), (4.1) 

{prhx ^ (p""^)x weakly m ^^((0, T) x [-M, M]), (4.2) 

p>,^ ^ A weakly in L^{{0, T) x [-M, M]), (4.3) 

as e ^ 0, for some function p G C([0, T] x [-M, M]) and A G ^^((0, T) x [-M, M]) 
which satisfy 

/•T pM pT pM 2n/ /■'^ Z"*^ 

/ / Aifdxdt = — / p"'^^ ^uifxdxdt / / {p^'^^^^y^uipdxdt. 

Jo J-M Jo J-M 2a — 1 Jo J-M 

(4.4) 

To get the convergence of the term ^/fhUe, we apply similar approaches in [101 [HI 
[231 |2Z]- More precisely, we have p^u^ converges strongly in L^{[0, T] x [— M, M]) and 
L^([0,T]; L^+''(— M, M)) and almost everywhere to some function m{x,t), where 
C > is some small positive number. Also, we can prove that ^/p^u^ converges 
strongly in L'^{[0, T] x [— M, M]) to -^ which is defined to be zero when m = and 
there exists a function u{x,t) such that m{x,t) = p{x,t)u{x,t). Moreover, we have 

pGC(i?x(0,T)), (4.5) 

sup / \p — p\^dx + max p < C, (4.6) 



(4.7) 



te[0,T]J-M {x,t)&Rx[0,T] 

r^^ 2 1 

sup / (|yp^|2 + (p-|)^, + ^(p7_(^)7_^(^)7-l(^_^)))rf^ 

te[o,T] J-M 7 - -L 

+ / / i[ip'^^U' + Aix,tf)dxdt<C, 

Jo J-M 

where C is an absolute constant depending on the initial data. 

Using a diagonal procedure, we obtain that the above converges (up to a subse- 
quence) remain true for any M > and the existence of weak solutions of (ll.ip - (ll.3p 
can be directly proved. Moreover, ([2A8|) - ([2:22| ) hold true due to (143D-(|42]). The 
proof of the theorem is complete. D 
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Using Lemma I3.3j -Lemma I3.4[ we can prove Theorem 12.21 in a similar way ( see 
also pUj 1231 EZ]) and we omit the details here. 

Now we give the proof of Theorem 12.31 which is about the asymptotic behavior of 
the weak solutions. We assume that the solutions are smooth enough. The rigorous 
proof can be obtained by using the usual regularization procedure. 

Proof of Theorem \2.3[ We only prove the case of < a < | in Theorem 12.31 since 
other cases can be proved in a similar way. The proof can be done by considering 
the cases p > and p = respectively. 

If p > 0, since < p < C, p > 0, for some constant Ci > 0, we have 

C^\p - P? < P^{P,P) < C^ip - pf. (4.8) 

From Lemma [3.21 we have |p'^ — P^'P < C\p — pp for any s > 0. Hence, 

f \p' -p'\^dx<C f \p-p\^dx<C. (4.9) 

Jr Jr 

Similarly, 

f \p' - p'l^^dx <C f \p- pl^^dx < C, (4.10) 

Jr Jr 

for any s > 0, A > 1. Moreover, one has 

\[{p^ - p^'Wdx = 2\s f \ip^-pn''-'[p'-'p.]\dx 
R Jr 

^ T^( I (P' - ff'''~'^p''^'-'^dx)H [ [{p--h.?dxt^ ^^-^^^ 

l«- 2I Jr Jr 

<c. 

By Lemma [3.40[ one has 

"T r 

/ [(p^'^H - p^^¥^)^f{x, t)dxdt < C (4.12) 

'0 Jr 

Denote h = ^^±pi. Then 

J) ^b\ 12 



[ip'-plx] ix,t)dxdt<C (4.13) 

JR 

Choosing s > b + 1, one has 

ip' - -p'f = f [{P' - Pl%dx = 2 r (p^ - -p^W - P%dx 
J —00 J— 00 

= 2s r (p^ - -p'w-'p.)dx = ^ r (p^ - p-)[(/ - p%p^-']dx (4-14) 

< Wp" - p'\\lHR)\\{p'' ~ P^)AlHr)- 
Consequently, 



■sup(p^-p^)^rft<Csup||p^-p^||i.(^) / Up'-p%\\l.^^^dt<C. (4.15) 
xgr xgr Jo 
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Moreover, applying( l4.10p . one has 



/ / (P' - P')\p' - p'fdxdt < I [sup(p^ - p'Y [ (p' - p'fdx]dt 

Jo J R Jo x£R Jr 

< sup / ip' - p'fUx f sup(p" - p'^dt < C, 
t Jr Jo x(^R 



'R JO 

where / > 1 is any real number. Hence 

f {p' -p'Y^^Uxdt<C. (4.17) 

Jr 

Denote f{t) = J^{p' - p')^+^^dx. Then, from KIM and f HTTD . one has f{t) G 
L^(0, oo) n L°°{0, cxd). Furthermore, direct calculations show that 

|/(t) = (4 + 2/). I (/ - p-^Y+'^p^-'pdx 

= -(4 + 2l)s f (p^ - p'Y+^'p-'-\puUx 
Jr 



(4.18) 



= (4 + 2/)(3 + 2l)s / ip' - p'f+^\p'')^p'-^pudx 
Jr 

+ (4 + 2l)s [ (p^ - p')^+^\s - l)p^-VxPMC^x 

= (4 + 2/)(3 + 2l)s [ (p^ - p')^+^'{p'),p'-'pudx 
Jr 

+ (4 + 2/)s(s - 1) / (p^ - p^)3+2V'~'PxPMrfa; 

= Jl + J2 

Now, we claim that Jj(t) G -^^(0, +oo), (z = 1, 2). In fact, 

Ji(t) = (4 + 2/)(3 + 2l)s f ip' - p'Y+^\p')^p'-^pudx 



b Jr (4.19) 



(4 + 2/)(3 + 2/)s2 
b 



ip'--p'r'\p%p''-''~'^vpudx 

R 



^CW^uh.^nMp'-plAmR) 



Hence, by Lemma [3.31 



\Jiit)\'dt<C sup llv^nlli.(^) / ||(p''-p'').||i.(^)rft<a (4.20) 

ie[0,T] Jo 
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And 

hit) = (4 + 2l)s{s - 1) / (p^ - ff+^'p'-^pMx 

Jr 

= (4 + 2l){s - 1) / (p^ - p^)=^+2i(^s)^^^^ 

JR 

= ^' + '^y~^^^ / (p^ - pr^'\p%p-''ud. (4-21) 



{p'-fY^'\p\p'''-^^pudx 

'R 

<c||yp«IU2(^)ll(/-/),.|U.(«), 



Using Lemma 13.31 again, one has 

"t ft 



I \J2{t)?dt<C sup W^puWl,^^) [ \\{p'-p').\\h^n)dt<C. (4.22) 

Jo te[o,r] Jo 

Consequently, 

lf(t)EL'{0,+oo). (4.23) 

Combining the obtained fact that f{t) G i^^(0, oo) fl L°°(0, oo), one has 

/(t) ^ 0, t ^ +00. (4.24) 

Letting m, > 1 be any real number to be determined later, we have 

\p' -pT = \ r Up' - pTUx\ = \m r (p^ - pT'\p' - P%dx\ 



-oo 

-s\m—l [ 

rv — 

2 



S 



m (p^ - -pT-'[^ip'-''^Hp''-^h)]dx\ (4.25) 



<c\\{p'-pT-'\\lhr)\\{p''-'^U\l^ 
<cUp^-pT-'\\lh 



HR)- 
Choosing 2(?7i — 1) = 4 + 2/, one has 

sup Ip" - p^r < C/5(t) ^0, t^O. (4.26) 

xeR 

Therefore, limt_>+oo sup^g^ \p'^ ~ P'^l =0. Using the fact that 

\P - P\' = |P - Pl'l|o<p<f + \P- Pl'l|p>f < C\p' - p11|o<p<| + C\p' - p'|n|^>|. 
Hence, 

sup \p -p|* < Csup Ip'' - p'"! + Csup Ip'' - p'"!'' -)■ 0, t -)■ +00, 

xS-R xS-R xei? 



which implies that 



lim sup |p — p| = 0. 

t^ + OO 3.g^ 
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If p = 0, from Lemma [3.21 we have that p^^ < Cp"' for any s > ^. Hence, 

fi^'dx <C f p^dx < C. (4.27) 

R J R 

Similarly, 

f {p'f^dx < [ p^'^dx <C f p^^dx < C, (4.28) 

JR J R Jr 

for any s > |, A > 1. Moreover, one has 



f \[{p^'%\dx = 2Xs f \p^'^~^p^\dx = 2Xs f Ip^'^-^p'^'^p'^-'^p^ldx 
Jr Jr Jr 

2s\ 



<—^{ / p^'^-'"^'dx)H / [(p"-2)J^rfx)5 < C. 

|a- 2I Jr Jr 



(4.29) 



0+7— 1 

. ± liCli vv 



Denote b = ^^ — . Then we have 



[{p'')^Yix,t)dxdt<C, (4.30) 

JR 

by Lemma I3l3] and p = 0. Choosing s > 6 + |, one has 

p'' = f {p'%dx = 2s f p'^~'p^dx = ^ r p'^^'^^ip'Ux 
J— 00 J— 00 " J— 00 

= T^f p2.4-l-(.+7)rf^)|( r {p')ldxY^<C\\p\W,^n)\\{p%\WiR). 



(4.31) 



Consequently, 

/ supp^Mt < Csup ||p||i,(«) /* ||(p^).||i.(«)rft < C. (4.32) 

JO a;ei? x^R JQ 

Moreover, applying (l4.28p . one has 

f f ^ps^^+2i^^^^ < f (supp^^ f p^'^dx)dt < sup / p^'^dx [ snp p^'dt < C, 
Jo Jr Jo xeR Jr t Jr Jq xgr 

(4.33) 
where / > 1 is any real number. 

Denote /(t) = J^^ip'^+^^dx. Then, from IK28\f and IK33\f . one has /(t) G 
L^{0, 00) n L°°(0, 00). The left is same as in Case 1 (p > 0). 

The proof of the theorem is finished. D 

The proof of Theorem 12.41 is completely same as in [231 [HI [19] and we omit it here. 
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